The effects of wing planform on the aerodynamic performance of a rigid wing in forward flapping flight and hovering configurations were investigated in this paper. The planform design space was parameterized using a new, modified Zimmerman method based on low aspect ratio Zimmerman planform designs. The aerodynamic forces on the wing were calculated using Peters' aerodynamics with an assumed inflow coupled with blade element theory. A multiobjective optimization approach was taken to find the best planform designs for three objectives: wing area, peak power input, and an aerodynamic force based on the kinematic configuration -lift for hovering and thrust for forward flight. A gradient-based optimizer and the ε-constraint method were used to find the Pareto front of optimal designs with the aerodynamic force as the primary objective function. The choice of primary and secondary objective functions is important in determining the optimal planform. The Pareto optimal planforms for the case when only area is considered as a secondary objective function drastically differ from the optimal planforms when only power is taken as a secondary objective function. As the secondary objective ε values change over the design space, so do the optimal planform shapes.
INTRODUCTION
FLAPPING wing micro air vehicles (MAVs) have been gaining attention in recent years. As MAVs have shrunk in size, the conventional fixed-wing and propeller design is being replaced by flappingwing designs with the intent to more efficiently generate greater aerodynamic forces. Thus, there is an increasing need to parametrically study flapping wings and the effects of planform shape on the performance of the wing.
Various studies have been carried out to investigate the effect of wing geometry on the aerodynamic characteristics of micro air vehicles. Moschetta and Thipyopas [1] studied the effect of wing planforms on the performance of fixed, biplane wing MAVs in a wind tunnel. They considered twelve specific planforms and experimentally determined the lift and drag characteristics of each wing shape. During parametric studies, they focused on typical biplane configuration variables such as gap, stagger, decalage angle, etc., but only considered specifically chosen wing shapes. Ansari, et al. [2] studied the effect of planform design on aerodynamic performance for wings in hovering motion, but also only investigated specific wing shapes. The authors used a previously-developed aerodynamic code [3, 4] to explore the effects of aspect ratio, wing length, area, wing offset, and pitch-axis location and noted how lift, drag, and torque all change when only one parameter at a time was varied.
Day [5] created a bird-like wing and parameterized the length of the "feathers" on the fixed wing. The author then used a genetic algorithm to optimize for the length of the individual feathers to maximize the ratio of lift to drag. The set-up allowed for many variations on the bird wing, but did not effectively capture other biomimetic shapes.
More recently, Stanford et al. [6] performed a parametric study on hovering wings. The authors parameterized the design space, focusing on the wing shape, wing flexibility, and the kinematics of the wing. They parameterized the wing shape by varying the chords of the six-degrees-of-freedom beam elements. Only symmetric shapes were possible in this study because of their use of beam elements to model the wing and because of their quasi-steady aerodynamics model [7, 8, 9] formulated using the translational and rotational velocities about the mid-chord.
Many methods of parameterized geometry can be found in the literature. Proper shape parameterization is important to ensure acceptable designs. Two common parameterization techniques are often used. The first method is parameterization by controlling boundary nodal coordinates. This method was used by Persson and Willis [10] to define the leading and trailing edges of their wings. Also, Jagdale et al. [11] used this method effectively to optimize the wing camber of a fixed wing MAV. Although this simple method can be very effective, it can become costly when performing optimization, as it can to lead to a large number of design variables [12, 13] . This method is also hard to control and can lead to non-smooth shapes. The second common method to parameterize the geometry uses polynomial functions where the coefficients are the design variables.
Zimmerman planforms have been used in numerous studies for MAVs. Stanford and Ifju [14] optimized the membrane and shell topology of a fixed-wing Zimmerman planform. Torres and Mueller [15] experimentally studied the lift and drag on Zimmerman, inverse Zimmerman, rectangular, and elliptical planforms for varying aspect ratios and for low Reynolds numbers.
The current study examines the effects of shape on flapping wing aerodynamics. The rigid flapping wing planform is parameterized using a novel technique. A brief discussion of the quasi-steady aerodynamics and three-dimensional inflow model follows. All of the necessary discussion pertaining to the optimization tools will then be established. A brief introduction into multiobjective optimization along with the presentation of results are then given.
PARAMETRIC REPRESENTATION
It was desired to parameterized planform so as to allow for effective design space exploration, as opposed to the method of performing ana lysis on only a few select shapes, as has been done in previous studies [1, 2] . A modified Zimmerman parameterization method was developed to explore the design space. Traditional Zimmerman planforms are created by joining two ellipses at the quarter-chord, while inverse Zimmerman planforms are created by joining the two ellipses at the three-quarter chord [16, 17, 18] as seen in Figure 1 . The proposed method extends the Zimmerman planform by using four quarter ellipses and joining them together with straight lines. The quarter ellipse size and location are controlled by the coordinates of its endpoints (ξ i , η i ), i = 1,2,...,8. There are four quarter ellipses with two endpoints apiece giving only 16 design variables. Each quarter ellipse is controlled independently of the others, but it must maintain the same relative position to the others. Adjacent quarter ellipses are then connected by straight lines to complete the planform. Figure 2 gives an example of a general shape that can be generated with the modified Zimmerman method with the endpoints labeled. The shape generated by the modified Zimmerman method is constrained in size by the nondimensionalized span and chord. The nondimensionalized span goes from -s to s in the horizontal axis whereas the nondimensionalized chord goes from -c to c in the vertical axis. A scaling factor is used to redimension the design. The nondimensional coordinates of the endpoints, represented by ξ in the spanwise direction and in the chordwise direction, as shown in Figure 2 , are constrained as
Once the eight endpoints are positioned using the 16 design variables and straight lines connect the quarter ellipses, the planform is divided into strips to be used in blade element theory. Each quarter ellipse and straight line is designated to either be part of the leading edge or trailing edge of the wing shape. For instance, Figure 2 shows the leading edge of the wing shape consisting of the line segments 5-4, 4-3, 3-2, and 2-1. The trailing edge of the planform is defined by the segments 5-6, 6-7, 7-8, and 8-1. The leading and trailing edges are piecewise continuous and described by the functions
Several wing segments may be on either the leading edge or trailing edge. For example, line segments 5-4 and 8-1 can be located on either the leading edge, trailing edge, or neither if ξ 4 = ξ 5 or ξ 8 = ξ 1 . The spanwise distribution of the chord can be represented as (11) The ξ positions of the center of each of the η blade elements used are found as (12) where min(ξ) is the minimum ξ value of the planform, which is always either ξ 4 or ξ 5 , and max(ξ) is the maximum ξ value, which is always either ξ 1 or ξ 8 . The modified Zimmerman method is versatile. All of the simple shapes used by Ansari [2] can be reproduced, as well as many biologically-inspired shapes. Figure 3 shows simple shapes that can be generated with modified Zimmerman. The square is created by collapsing the endpoints of the quarter ellipses to single points. The triangle is likewise created by collapsing two ellipses into a single vertex. The modified Zimmerman method can also create biomimetic planforms as seen in Figure 4 . The biomimetic planforms more obviously represent biology when a wing picture is overlaid onto the modified Zimmerman planform, as was done with the bat wing [19] in the last part of Figure 4 . Zimmerman planforms are traditionally applied to the full-span wing in order to minimize the induced drag. The modified Zimmerman parameterization method is used to design only one of the wings in a two-wing flapping configuration. The design of the full-span configuration is found by taking the mirror image of the single wing about the hinge line ξ = -1 as shown in Figure 5 .
MODELS 3.1. Aerodynamic Model
A two-dimensional, inviscid model coupled with an assumed inflow was chosen to model the aerodynamics. This 2-D aerodynamics model for an airfoil section is described in detail by Peters, et al. [20] . Peters' model is formulated in the wing frame and allows for large frame motions, perfectly suited for a flapping wing. The model is formulated in terms of generalized velocities and forces within the frame. The pressure difference, ∆p, over the airfoil is formulated as (13) where ρ is the air density and φ is the chordwise coordinate from a Glauert transformation as (14) with φ = 0 at the trailing edge and φ = π at the leading edge. The generalized loads (τ 0 and τ 1 ) are formulated in terms of the generalized velocities and the assumed inflow (λ 0 ) as (15) (16) where b is the semi-chord. An assumed inflow was derived to model the induced drag. For rigid wings, the generalized velocities are the flow parallel and perpendicular to the wing frame ( and , respectively), and the rotational velocity v 1 . The lift per unit length L 0 , drag per unit length D 0 , and moment per unit length M 0 on a blade element can be found by integrating the pressure over the chord. The drag also includes a leading-edge suction term, which is the only chordwise force in the wing frame when no deformation is present and the spanwise effects are ignored.
In these aerodynamic force equations f is the reversed-flow parameter that enforces the Kutta condition at the trailing edge. The reversed flow parameter has different values depending on flow direction in the wing frame and was set to one, as no reversed flow was expected.
The forces over the entire wing were calculated by integrating the two-dimensional airloads over the span as per blade element theory [21] . Blade element theory has been used effectively in previous attempts to calculate the forces on an MAV wing [3, 4, 6, 22, 23] . Figure 5 shows a sample wing planform with a single blade element highlighted. The distance from the hinge point to the center of the blade element is r BL . The fruit fly wing shown in Figure 4 is shown in Figure 6 with 15 blade elements. 
Inflow Derivation
An inflow model was created to account for the induced drag on the planform. Without it, unrealistic shapes are generated from the optimization when not accounting for the three-dimensional effects [24] .
Using lifting-line theory [25] , the induced flow at each point along the span can be written in terms of bound circulation along the span as (20) The bound circulation, Γ can be written in terms of the generalized velocities and the inflow,
The continuous form of lifting line theory can be discretized to be used with the blade elements generated with the modified Zimmerman method. The induced flow on the i th blade element from the bound circulation on the j th element is found as (22) where ξ l j is the position of the left side of the j th blade element and ξ r j is the position of the right side. Using the notation given in Figure 5 to describe a single blade element, the inflow equation becomes (23) The matrix form of eqn (23) is (24) where [C] is an n-by-n matrix and {Γ} is an n-by-1 vector containing the values of circulation on each of the blade elements. The total bound circulation in eqn (21) can be represented in matrix form as (25) for the i th blade element. Circulation for all blade elements in the wing may be written in matrix form as (26) where [A] is an n-by-2n matrix which multiplies by the 2n-by-1 vector [V] containing the velocities of all of the blade elements. [D] is an n-by-n diagonal matrix which multiplies λ, an n-by-1 vector containing the inflows for each of the blade elements. Combining eqn (24) and eqn (26) , the bound circulation can be eliminated and the weighted average of the inflow can be calculated directly from the wing motion.
(27) Figure 6 . Sample shape generated with modified Zimmerman method with blade elements
Kinematics
The kinematics description that was used is shown in Figure 7 . A set of Euler angles k, γ, and τ represent the stroke, deviation, and rotation of the wing with respect to the stroke frame [26, 27] . The stroke frame and the body frame are the same, since the stroke angle was assumed to be zero. The transformation matrix to get from the body frame to the wing frame is given by the following rotation sequence.
1.
Rotate the wing through k about Z B to get (x 1 , y 1 , z 1 ) 2.
Rotate the wing through γ about x 1 to get (x 2 , y 2 , z 2 ) 3.
Rotate the wing through τ about y 2 to get (x w , y w , z w ) The transformation matrix is thus defined as
Both forward flight and hovering configurations were studied to find the best wing planform for each case. In the flapping configuration, only deviation γ was prescribed and a constant velocity parallel to the wing was assumed. For hovering, the prescribed wing motion was sinusoidal stroke with an out of phase rotation at the end of the stroke and no deviation. 
Power Calculations
The theoretical power input for a flapping wing was calculated by finding the power contributions from the moment of inertia and the aerodynamics. The rotational inertia on the wing about the hinge point located at ξ = -1, causes a moment about the hinge point as (28) where the inertias in the body frame are calculated by transforming the inertias in the wing frame (29) The aerodynamic power P aero on a single blade element was calculated in the wing frame by multiplying the drag, lift, and moment with the velocities u 0 , v 0 , and v 1 at the center of the blade element (30) The total power input P on the wing hinge is found by taking the contributions from the inertia of the wing and from the aerodynamic power from all of the n blade elements (31) The power coefficient for the forward flight kinematics is then calculated as (32) where s is the maximum possible dimensionalized span, U 0 is the freestream velocity, and ω is the flapping frequency. The power coefficient is for the hovering kinematics is calculated as (33) Similarly, the thrust coefficient for the forward flight kinematics is defined as (34) and the lift coefficient for the hovering kinematics is (35) 
OPTIMIZATION AND RESULTS
In performing shape optimization for MAVs, there is a need to use constraints with physical meaning in order to gain deeper understanding of the problem. Peak power was selected as the nonlinear constraint for this problem, as was done in previous studies [6] . Peak power is well suited to this problem because it is representative of the maximum power that can be transmitted by the motor. Using a constraint that depends on transient behavior, such as peak power, can add significant cost to the problem because each discretized time point must satisfy the constraint [28, 29] . However, the power is sinusoidal in time at twice the flapping frequency about an average power, and only the peak power, which is the sum of the average power and amplitude of oscillation, needs to be constrained.
A planform area objective function was added to the optimization formulation in an effort to represent the size constraints imposed by mission specifications. The wing weight is directly proportional to the wing planform area since a constant wing thickness and material density are assumed. By minimizing the wing weight, more weight can be purposed for payload on the MAV. The optimization problem thus has three objectives: minimize area, minimize peak power, and maximize thrust.
The multiobjective formulation of the problem leads to a Pareto front of best designs. The Pareto front of optimal designs was found using the ε-constraint method [30, 31, 32] , where the power and area were constrained to be less than some value ε and the thrust was the objective for which the design was optimized. The constraints on area and power were then slowly relaxed to calculate the Pareto front. Aerodynamic thrust generation was used as the objective function for the forward flight case, while lift was used as the objective for the hover kinematics case. The ε-constraint optimization problem is written formally as (36)
where the peak power and area were constrained by ε 1 and ε 2 . During the optimization, the average thrust and peak power were used as the objective functions rather than the nondimensional thrust and power coefficients. Subsequently the Pareto surfaces were expressed in terms of the coefficients and the normalized area. The normalized area is the total planform area divided by area of the largest possible planform that could be created by the modified Zimmerman method. The side constraints and linear relations among the design variables were created by the modified Zimmerman parameterization. Two kinematic configurations were considered in the planform optimization studies: forward flight and hovering. For each kinematic configuration, planform optimization was performed with and without the assumed inflow. The power and area constraints were selected so that only a small section of the design space was considered.
Optimization Problem Formulation
Previous optimization formulations for MAVs have focused on the optimization of other objectives such as propulsive efficiency [33, 34] and power [6, 9, 35] . The decision of how to formulate the multiobjective problem depends on the performance metric of interest. In selecting thrust and lift as the primary objective function, the optimal designs will produce wing planforms that best accelerate the MAV with some battery power constraints. If power were selected as the primary objective function, then the planforms would allow the MAV to prolong battery life while just meeting the thrust or lift needs.
Forward Flight Kinematics -No Inflow
Initially, the multiobjective optimization was performed without considering the induced drag effects. In doing so, the analytical sensitivities derived in the Appendix could be used to verify the results. The modified Zimmerman method was constrained to produce MAV wing shapes that were symmetric about the mid-chord to ensure that the optimal designs are unique. The mid-chord symmetry will create extra design constraints. The constraints are given as The Pareto front of designs with the markers' colors indicating constraint activity is shown in Figure  8 . The green dots indicate that the power constraint was active while the area constraint was inactive. The blue dots indicate that the area constraint was active and power was not, while the red dots indicate that both constraints were active. Each constraint becomes inactive when the other drives the optimization. The activity of the constraints was determined by the magnitude of the corresponding Lagrange multipliers. If the Lagrange multiplier is less than a finite threshold magnitude of 0.05, then the constraint was assumed to be inactive. If both of the Lagrange multipliers are non-zero, then the planform design is Pareto optimal [30, 32] . For the cases where one of the constraints is inactive, the planform designs are weakly Pareto optimal. A comparison of the Lagrange multiplier magnitudes for area and power is shown in Figure 9 . The effect of constraint activity on optimal planform design can be seen in Figure 10 . A slice of the Pareto surface is taken at C P = 1.3623, indicated by the highlighted dots in Figure 8 . The various planforms show how the optimal design changes for a constant power constraint and various area constraints. Optimal, symmetric flapping wing designs for different area constraints at a constant power constraint of C P = 1.3623 and with no assumed inflow. When only the area constraint is active, then the thrust is optimized by pushing all of the blade elements as far from the hinge as possible and by maximizing the chord, verifying the conclusions from the analytical sensitivities in the appendix. As the area constraint is relaxed and the power constraint is also active, the optimizer allocates more wing area toward the hinge point and the planforms change from rectangular to triangular to half-ellipse. The optimal wing shape has increasingly smaller chord and longer span as the power constraint takes over as the driving force behind the designs as is shown by the sensitivity ratios of power over thrust. Figure 10 . Optimal, symmetric flapping wing designs for different area constraints at a constant power constraint of C P = 1.3623 and with no assumed inflow
Forward Flight Kinematics -Inflow
The aerodynamics were modified to account for the induced drag effects. The Pareto surface is shown in Figure 11 . The inflow reduces the maximum average thrust generated by nearly 70%. Also, the inflow changes the multiobjective optimization such that there is a narrower range of power-area combinations where both constraints are active.
A cut of the Pareto surface was made at C P = 2.0434 to illustrate how the optimal planform changes as the area constraint is relaxed. For a small area constraint, the optimal wing planform resembles a teardrop as in Figure 12a . The teardrop planform differs from the planform in Figure 10a due to the assumed inflow model. As the area constraint is relaxed and the peak power constraint becomes active, the optimizer shifts the wing area toward the hinge. The optimal planform resembles a triangle with a rounded tip when only the peak power constraint is active in Figure 12f . The trend of either minimizing the the blade chord or the root-to-blade distance is especially prevalent in the cases where only the power constraint is active as in Figure 12f . The blade chord values vary inversely with the distance from the root.
The span for each of the Pareto optimal planforms was maximized because of the assumed inflow model and the blade element discretization. The optimizer minimized the induced drag from the inflow model to increase the thrust. Due to the discrete lifting line model, there is a minor but finite decrease in drag with increase in the distance between each of the blade elements. The fixed number of blades was distributed between the wing root and wing tip. So, maximizing the root-to-tip distance will increase the spacing of the blade elements and decrease the induced drag on the planform. For this reason, the teardrop shape in Figure 12a has the infinitesimal tail from the hinge line to the wing root. The optimizer attempted to minimize the induced drag through an elliptic lift distribution. The lift distribution is proportional to the chord and effective angle of attack of each blade element, which is itself proportional to r BL for the element. The optimizer designs those parameters to get close to an elliptic lift distribution while staying within the geometric and nonlinear constraints.
The evolution of shapes between the cases where only one constraint is active is seen in Figures 12c-12e . The three cases shown are examples of the trade-off that occurs between the area constraint and the power constraint during the optimization.
The blade element discretization is also an important factor in determining the final modified Zimmerman planform. The planform in Figure 12c has a small discontinuity in the leading and trailing edges. During the optimization procedure, the values of the blade chords were determined by calculating the η position of the edges of each blade element and then averaging them together to find the η position of the centerline leading and trailing edges for each blade element. So, by comparing the final planform and the distribution of the blade element chords used by the aerodynamics calculations as in Figure 13 , the notch in the planform in Figure 13a is not evident in the blade chord plot in Figure  13b . It is necessary during the post-processing of the optimization to consider the planform that is actually analyzed by the objective function and not only the idealized version. A smoothing method could be added to avoid the abrupt notch, which is to some extent an artifact of the blade discretization. 
Hover Kinematics -No Inflow
Kinematics matching those used by Stanford et al. [6] were used for the hovering configuration. For the reference frame and nomenclature used in this work the Euler angles vary through time as
The wing is swept back and forth through an area of ±π/3, while simultaneously rotated through an angle of attack of ±π/4 relative to the vertical plane. The optimization for the hover kinematics was slightly different from the flapping optimization in that the hover planform was optimized to produce the maximum average lift, rather than the maximum average thrust, which would always average to be zero for the case without inflow. Optimizations were performed on the hovering configuration similarly to the flapping configurations, where average lift was the objective function and peak power and area were constrained. The Pareto front, shown in Figure 14 was again found by slowly relaxing the constraints on peak power and area. Shapes similar to those obtained in the flapping kinematics optimization were obtained. When the power constraint was inactive, the blade elements moved toward the wing tip, with the chord maximized.
The optimizer saves power by allocating wing area closer to the hinge rather than pushing all of the area as far away as possible. Figure 15 shows the set of optimized symmetric shapes for hover as the power constraint was held constant at C P = 0.0584 and the area constraint was relaxed. 
Hover Kinematics -Inflow
The assumed inflow model based on lifting-line theory is implemented with the hovering kinematics. The Pareto surface is shown in Figure 16 . A cut of the Pareto surface was made at C P = 0.0417 to illustrate how the optimal planform changes as the area constraint is relaxed. As the area constraint is relaxed and the peak power constraint becomes active, the optimizer shifts the wing area toward the hinge. The optimal planform tends to mimic the planform trends for flapping kinematics. When only the area constraint is active, the optimal planform resembles a teardrop shape. When the power constraint becomes active, planform area is allocated to a location that is closer to the hinge. When the area constraint is larger, the optimal shape is triangular with both a rounded tip and a rounded root. When only the peak power constraint is active, the optimal shape is a triangle conjoined to a half-ellipse. The Pareto optimal planforms for hover are similar to the optimal planforms for the flapping kinematics. The teardrop shape still performs best when only the area constraint is active, and a triangular planform is best when only the power constraint is active. However, there is a difference between the flapping and hovering planforms when only the power constraint is active. In the case of the hover kinematics planform, shown in Figure 17f , the optimizer allocates more area near the wing root than in the flapping case. This is because the objective function for this problem is lift, not thrust as in the previous case. The lift is proportional to both v 0 and v 1 , as seen in eqns (15)- (17) , whereas the thrust is proportional only to v 0 as seen in eqn (18) . The rotation of the wing will generate the same amount of lift whether the extra area is at the root or the tip of the wing. But if the area is located at the tip of the wing, then the stroke of the wing will cause the power to increase beyond the allowed power. By allocating the area more toward the root, more lift is created without violating the power constraint. 
SUMMARY AND CONCLUSIONS
The effect of wing planform on the aerodynamic performance of a rigid wing in forward flapping flight and hovering configurations was investigated. A novel parametric representation of the wing shape, called the modified Zimmerman method, was developed and implemented to perform the shape optimization. This method individually controls four quarter ellipses to generate planforms ranging from simple to biomimetic. Peters' quasi-steady aerodynamic theory was used with blade-element theory to calculate the aerodynamic forces on the wing. An assumed inflow model, based on lifting-line theory, was used to calculate the three-dimensional effects. Two kinematic configurations were studied for the shape optimization: forward flight and hovering.
A multiobjective optimization was carried out in both the forward flight and hovering cases. The objectives used were wing area, average lift or thrust over the period, and peak input power during the period. The multiobjective optimization led to a Pareto front of designs that was found using the ?constraint method.
In the forward flight case without inflow, the thrust was increased by locating the blade elements away from the hinge and then maximizing the chord of each of those blade elements until the area constraint was met. As the area constraint was relaxed, the optimum shape increased root-to-tip length for a small chord. When the assumed inflow model was added, the optimal forward flight planforms were more realistic -resembling a teardrop when only the area constraint is active and a rounded triangle when only the power constraint is active. The triangle is comparable to birds' wings. This trend was seen when the modified Zimmerman method was constrained to produce shapes symmetric about the mid-chord.
Optimal lift was generated in the hovering configuration without inflow by moving the blades out as far as possible, similar to the forward flight kinematics. However, the chord was not maximized to the allowable limit, unlike the flapping case. As the area constraint was relaxed, the optimal wing shapes increase in length and shrink in chord slightly. When the inflow model is included in the analysis the optimal planforms are visually similar to the optimal flapping planforms, except that more area is located at the root of the wing to create more lift from the wing rotation without violating the power constraint.
The Pareto optimal planforms for forward flight and hover kinematics are similar. When the aerodynamics do not include inflow, the optimal planforms vary little, despite the vastly different kinematics. In both cases, the wing area is dedicated to the tip when the area constraint dictates the design, and the wings have a high aspect ratio when the power constraint determines the design. The optimal planforms for the two kinematics become dissimilar with the addition of the assumed inflow. The teardrop shape performs best for both kinematics when only the area constraint is active, and a triangular planform is best when only the power constraint is active. However, when only the power constraint is active, the optimizer allocates more area near the wing root for hovering than for the forward flight case. This is because the objective function for hover is lift, not thrust as in the forward flight case.
APPENDIX. ANALYTICAL SENSITIVITIES OF THRUST AND POWER
The sensitivities for average thrust over a cycle were calculated for a wing in flapping flight without inflow. The sensitivities were used to verify the shape optimizations that were performed for a wing in steady forward flapping flight with constant material thickness and density. Peters' aerodynamics were used to find the average thrust and peak power on a single blade element. Only deviation is present in flapping kinematics as The sensitivities of the thrust with respect to the chord, blade width, and hinge-to-blade distance were then analytically determined to be (49) (50)
The sensitivities of thrust show that to maximize the average thrust of a single blade element, the chord and blade width are maximized and the blade element should be located at the wing tip.
B. Power Sensitivities
The peak power was found by first calculating the power required during one flapping period. 
In eqn (52) h is the thickness of the wing and ρ w is the wing material density. The magnitude of the maximum power is found by combining the average and oscillatory parts of the power equation
The sensitivities of the maximum power with respect to c, l, r BL were then be calculated by substituting the values for K 1 , K 2 , and K 3 back into expression for maximum power.
(59)
(61)
C. Nondimensional Variables
The average thrust and peak power equations can be represented through nondimensional parameters. Both equations are normalized by a combination of air density ρ, freestream velocity U 0 , and maximum span s. The nondimensional thrust and peak power equations take the form (62)
and simplify to the nondimensional equations (64)
Several nondimensional parameters are introduced in eqns (60)-(61). Let the aspect ratio be , nondimensional hinge-to-blade distance , mass ratio term called , and a taper ratio term called , and reduced frequency be .
D. Sensitivity Ratios
Eqns (45)-(47) and eqns (55)-(57) are combined to calculate the sensitivity ratios. Nondimensional parameters are used describe the sensitivity ratios as (66)
.
